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Objectives

O Understanding the ideas of directional dependence,
copulas, and spatial staftistics

O Learn how to develop and the developing of new
models

O Ultimately, apply to data



Background and basic definitions:

Directional Dependence

O Causal relationships can only be set through experiments
O Noft “direction of dependence”

O Unemployment and education level

«-Iv- Education Level

O Depends on the ‘way’ it's looked at or introduced
O Not limited to positive and negative dependence

Unemployment




Background and basic definitions:

Directional Dependence

O To better understand
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Background and basic definitions:

(Xl,Xz,...,Xk) > FXl(xl),FXz(xz) ..... FXk(xk)
S
FXI,X2,...,Xk (xpxza---axk)
<5
L Ul=FX1(X1)9U2=FX2(X2)9"'9Uk=FXk(xk)

(U19U29”°>Uk) > C(ul,uz,...,uk)




Background and basic definitions:

O Multivariate functions with uniform marginals
O Eliminate influence of marginals

O Used to describe the dependence between R.V.



Background and basic definitions:

Directional Dependence and
Copulas

O Symmetric.
O Example: Farlie-Gumbel-Morgenstern’s family
Cy(u,v)=uv+ Buv(l —u)(l—vV)

O If E[VIU=w] # E[U|V =w] then we say the pair (U,V) is
directionally dependent in joint behavior



Background and basic definitions:

Spatial Statistics

O 2012, Orth

P, (0)=cos(6)V +sin(6)W
Cor(U,P,, (0))
g Now po (&)= cos(a)V +sin(a)W
P, (B)=-sin(B)V +cos(S)W
Cor(Pyy, (@), Py (B))



Procedure

O Start with U;, U, Us, U,

O Uniform distribution

1
f(x) = b_afora<x<b
0  otherwise
0 ifx<a
F(x) = Py ifa<x<b
1 ifb=2x

b-a |

Probability density function
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oL 80 90 v¥0 <¢0 00

cn

0 G2 0c S O S O
Aousnbai4

0.6 0.8 1.0

0.4

0.2

0.0

U1



Procedure

cosa, sinegy, 0 O || U Fioy = cos(a,) U1 + sin(a,) U2
—sinf, cosf, 0 0 || Y2 |_| Ry |=—sin(B,) Ul + cos(B,) U2
0 o 1 0| U U,
0 o o 1)U || uw,
(10 o o | Fi Fiz
. - —+ = cos(a,) cos YU2 + cos(a,) U3
| 0 co.soc2 sina, 0 || Py, _ Fi5s _"’cos(c(f; sin(3,) U1] 2
0 -sinf, cosp, 0 | v, Fizs | = cos(By) U3 — cos(B,) sin(B,) U2
0 0 0 1 U U + sin(B;) sin(B,) U1
| i | 4
10 0 0 Fio) Fiz)
01 0 0 By | | Fins
0 0 cosa, sina - | p—+
0 0 -si /; /33 s o
—S1n COS i
: : - U4 P[(I,Z),3],4




Procedure

Independence between U, and U,

a =81°,5, =180, =33, 5, =73 a,=10",8,=25,a, =858, =15,c, =81°, , = 17°
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(75,25) - (30,60) + (25,75) + (10,10) N (20,40) - (62,35) +
P1Q2 No Bad Low Low Low
N P N N
Alpha value Beta Value Correlation -0.0639 -0.309 0.255 -0.103 -0.208
75 25 -0.313 P1Q3 Low No Low Low Low
25 75 0.213 N N P N
30 60 0.988 -0.105 -0.0965 -0.171 0.22 -0.139
35 65 0.987 ? F N ?
0.991 0.147 0.0432 -0.904 0.965
35 60 0.0228 (20,80) +
35 58 0.854 P1Q2 Low High Low Low Some
35 62 -0.951 p p N p p
62 35 0.962 0.125 0.941 -0.167 0.289 0.648
P1Q3 Low Low Low Some Okay
P P P N P
0.161 0.269 0.212 -0.649 0.444
Q2Q3 Very High Low No High Very High
P ¢ N ¢
0.988 0.147 0.00566 -0.904 0.965
First Second (25,75) + (5,10) + (7,10) - (35,65) + (72,25) N/+ (35, 55) -
(75,25) - (10,10) - P1Q2 Low low low Low Low Low
P P P P P P
0.255 0.255 0.255 0.255 0.255
P1R3 Low No Low Low Low Low
N N P P P
-0.175 -0.0885 -0.103 0.175 0.138
P1R4 No Low Low Low No Low
N N P N
-0.0292 -0.128 -0.128 0.0181 -0.17
Q2R3 No No No No No No
0.0441 0.0219 0.0265 -0.0351 -0.0442 -0.0351

0.0319

Very High
p
-0.124

-0.0305

Low
[




Procedure

] o~
.- o s ; :
<
P x e & - -y 20
= = o S F a
o o
5 o e o 4 £
@ > P = o g
o g $ £ = o
: 8 <
EN g o« & 3 g 3 Sl
- ) < Y = >
“ . - o~ P > 2
¥ - N B Bs
& 9 By
o - g
o © "
L 9 b 4 ® =
vo 9 L
o " - e ®
< ] Voo, - - - - - .
oo 02 04 06 08 10 00 02 04 06 0s LE 12 00 02 04 06 0s 10 12 00 02 04 08 os 10 12
P1 M L3 (3]

P(0 deg, 0 deg) P(25 deg, 75 deg) P(30 deg, 60 deg) P(45 deg, 45 deg)
Correlation=-0.09653516 Correlation=-0.783814 Correlation=-0.5439036 Correlation=-0.05804009

L
o ™ o | p-
e = = : s
@ ° '7 = ¥ %
“ z - o ¥ am © g ° : g
< o
= - v - - Jo
) - oo B
A
Ind S Ind Ind ~
a © a o a
g
o e 2.0 ° &
o o & g 5 X $
o
~ w | °
- ~ ? =
=)
- *
=] - s
s . - -
00 02 04 06 8 10 12 00 02 04 08 0s 0 12 00 02 04 6 0s 10
P P P

P(60 deg, 30 deg) P(75 deg, 25 deg) P(90 deg, 90 deg)
Correlation=0.457075 Correlation=0.7507463 Correlation=0.09653516



Process

O Find exact correlations

O We know correlations between U.'s are O

Corr(P(] 2, P1,2))=Sin(a, — B,)

Corr(P(y 2y, P(1 5 3)=Cos(a;)Sin(a; — B;)

Corr(P(] 5), P(1.5),3)=—Sin(a; — B,)Sin(B,)
Corr(P(;3)3: P12 3)= Sin(a; — B2)

Corr(P(] 1), Pi(1.2)31,4)=—Cos (a3)Sin(a; — B,)Sin(B,)
Corr(P (+1,2)r P((12)3)4)=Sin(B3)Sin(a, — B,)Sin(f;)
Corr(P (_1.;).3' P [E1,—2I3],4)=C os(az)Sin(a, — B,)

Corr(P (_1.;).3' Pi(12)3)4)=—SIn(B5)Sin(a, — B,)
Corr(P((1 5 31,4 Pl(1,2),31,4)= Sin(as — Bs)



Result
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Theorem 1. Suppose that (U,U;) are independent uniform random
variables on the interval (0,1).

Define P,=cos(a)U+sin( a)U, and P,=-sin( 5 )U;+cos( B )U;. Then,

) [ 1/12 (1/12)sin(a - )
(1) covlpiap)- (1/12)sin(c- B) 1/12 ]
- 1 sin(a - f3)
Cor(P(a.,p)) = sin(a- B) 1 }

(2) Cor(a,B)=-Cor(B,a)

(3) If a=B=6, then (P,,P,) are independent.




Result

Theorem 2. Suppose that (U,,U,,U;,U,) are independent uniform
random variables on the interval (0,1). Define

P+

cosa, sina;, 0 O U, (12)

—sinf, cosf, 0 O || U | | Py,
0 o 10| U | U,
0 0 0 1 U, U,

(1 o0 o ol B Py
0 cosa, sina, O P, | P(i+2),3
0 -sinf, cosp, O U, B P

| 0 0 0 L] v, U,

[ 1 0 0 0 Py, Fia)
0 1 0 0 Fg; LN P(I,;),S
00 co.s a, sina, P75 P[(_1j2+),3],4

_ 0 0 -sinf; cosp, I v, | P




B [ 1/12 (1/12)cos(er,)sin(e, — B,)
+ P + —
Then (1) CorlFa i) (1/12)cos(a, )sin(ct, - B,) 1/12 ]
Cor (P* P )_ ' 1 cos(a, )sin(a, — f3,)
(2 tans )= cos(a, )sin(a, — f3)) 1
(2) Cov(P(fz),P[(‘]";) ) 4) _ 1/.12 | —-(1/12)cos(ay)sin(a, — B,)sin(B,)
’ o —-(1/12)cos(ex;)sin(ex, — B,)sin(f,) 1/12
- 1 —cos(a,)sin(a, - B,)sin(f,)
P P =
Cor( (b2 [(1’2)’3]’4) —cos(a,)sin(a, — B,)sin(B,) 1 ]
(3) COV(ETZ),P[(_IZ)314)= | 1‘/12 | (1/12)sin(B;)sin(a, — B,)sin(fB,) }
’ o (1/12)sin(;)sin(e, — B,)sin(f,) 1/12
| 1 sin(,)sin(at, - B,)sin(,)
P, .P =
Cor( (-2 [(1’2)’3]’4) sin(f3;)sin(e, — B,)sin(B,) 1 }
. . _ - 1/12 (1/12)cos(axy)sin(a, - B,)
(4) Cor(Fila s = (1/12)cos(e,)sin(a, - B,) 1/12 ]
. . ~ 1 cos(a,)sin(a, — 3,)
Cor( (1.2)3° [(1,2),3],4) = cos(a)sin(cr, - B,) 1 ]
. o _ 1/12 —-(1/12)sin(B;)sin(a, — 5,)
(5) Cov(Fizys-Fazaa) '[ ~(1/12)sin(B,)sin(a, - B,) 1/12 ]
Cor(P~  p— _ 1 —sin(B,)sin(a, — ,)
01"( (1,2),3° [(1,2),3],4) - —sin(ﬁ3)sin(a2 _ /32) 1

——+

(6) Cov(

— -
Cor(P[<1,2),3],4’P[(1,2),3],4) =

[(1,2),3],4° [(1,2),3],4) = |:

1/12
(1/12)sin(a, - B;)

1 sin(a; - ;)
sin(a, — ;) 1

(1/12)sin(a, - B;)
1/12

|



Result

Then, a matrix plot of By, , P55, P340 Pasyse Where
a,=10"5=25,a,=85,p,=15,a,=81",B, =17
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Result

O Not uniform anymore

O Rank

Histogram of P1
. Histogram of Rank_P1
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Simulation

O Motion Chart
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Figure. Plots of projections and their uniform transformations as a function of a-f.

Note: Scale shows 2000+(a-)



Future Research

O Explore properties up to ‘n’ variables
O Find a copula with directional dependence property

O Apply these methods to a data set
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